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Abstract. For a family of weight functions that include the general Jacobi 
weight functions as special cases, exact condition for the convergence of the 
Fourier orthogonal series in the weighted space is given. The result is 
then used to establish a Marcinkiewicz-Zygmund type inequality and to study 
weighted mean convergence of various interpolating polynomials based on the 
zeros of the corresponding orthogonal polynomials. 



Let da be a finite nonnegative measure on [—1,1]. We consider the Fourier 
orthogonal expansion with respect to da and weighted convergence of the inter- 
polation polynomials based on the zeros of orthogonal polynomials with respect to 
da. 

Throughout this paper we denote by LP{da) the space of measurable function / 
such that 



is finite. We assume that ||/||oo is the usual uniform norm for the continuous func- 
tions. If da = wdt, we may write ||/||u),p instead of H/Hda.p- Let pn{da) denote the 
orthonormal polynomial of degree n with respect to the measure da on [—1, 1]. The 
zeros oipn{da) are distinct real numbers, denoted by xin{da), X2n{da), . . . , a;„„(da), 
in (—1, 1). For any given function / on [—1, 1], we let L„{da; /) denote the unique 
Lagrange interpolation polynomial of degree n — 1 that agrees with / at Xkn{da), 
l<k<n. 

Let dp be another measure defined on [—1, 1]. We are interested in the precise 
condition on dp and da that will ensure the convergence of L„((ia; /) in the U'{dl3) 
norm for / G C[— 1, 1]. This question was addressed by many authors (see [KlIHllTni 
for historical account). In Nevai solved the problem for the case that a' 
and P' are generalized Jacobi weight functions, defined by 



(1.1) W{x)^h{x)^\x-ti\^\ -I =tt3 <ti < . . . <tr <tr+l =1, 
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1. Introduction 
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where h is a positive continuous function on [— 1 , 1] and the modulus of continuity 
Lj oi h satisfies {uj(t)/t)dt < +oo. The condition for the convergence of Ln{da\ f) 
in LP{df3), < p < oo, is given by 



(1.2) («Vl - 2:2)-P/2/3' e L\ 

Since then this result has been extended in several directions, to other interpolation 
process and to more general weight functions (see, for example, [SJ El ^| 
and the reference therein). It turned out ( 13 ) that one way of proving such results 
is to use a Marcinkiewicz-Zygmund type inequality. In the simplest case, such an 
inequality takes the form of 

\\P\\dp.,p < c Vcfc,„|P(xfe„(da)) \P 



where P is any polynomial of degree at most n — 1 and Ck,n are certain (precisely 
known) nonnegative numbers. For a' and f3' being generalized Jacobi weight func- 
tions, the inequality was proved in |13| under the precise condition 1)1.2(1 for the 
convergence of L„(da; /); furthermore, it was extended to include derivative values 
in the right hand side so that the convergence of Hermite interpolation polynomials 
can be derived. 

We will try to establish the Marcinkiewicz-Zygmund type inequality for more 
general weight functions. To be sure, this has been done in 0; but the result there 
requires an additional condition other than p. 2(1 . namely, (a'Vl — x^Y^"^ f3"'~'^ G 
L^, where -\- q—1 = 1. To establish the inequality, one way is to use the bound- 
edness of the orthogonal Fourier expansion. For / € L'^{da), such an expansion is 
given by 

oo .1 

(1-3) f ^^CnU)Pn{da), c„(/) = / f{t)pn{da;t)da. 

Let Sn{da; f) denote the n-th partial sum of the expansion. The convergence of 
the Fourier expansion amounts to the uniform boundedness of Sn{da;f). Find- 
ing the precise conditions for the boundedness of \\Sn{da; f)\\dp,p is an interesting 
problem in itself. By the Christoeff-Darboux formula, the kernel Kn{x,y) of this 
operator has a singularity at x = y. To overcome the problem of the singularity, 
[T5| established the following inequality 



9{y) 



y 



dy 



p 



1 



UP{x)dx < c / \g{x)\PV'P{x)dx, 
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in which U and V are the generalized Jacobi weight functions in (|1.1|) . This is an 
inequality for the Hilbert transform defined by 

H{g;x)^\im [ ^dy, g & L\ 

J \x-y\>e ^ ~ y 

In P], double weight inequality for the Hilbert transform on [0, oo) is proved for 
general weight functions, the so-called Ap weight. Although the results in |S] do not 
apply to weight functions Hl.l() directly, we show that they can be used to establish 
inequalities for weight functions that are more general than the weight function in 
((1.1(1 (see, for example, (2.2) and Definition 3.6), which in turn gives the result on 
mean convergence of various interpolating polynomials. 
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The paper is organized as follows: In the next section we fix the notation and 
state the preliminary. In section 3 we prove a double weight inequality for the 
Hilbert transform. The Fourier orthogonal series is studied in Section 4. The 
Marcinkiewicz-Zygmund inequalities are proved in Section 5, followed by the dis- 
cussion on the mean convergence of interpolating polynomials in Section 6. 

2. Notation and Preliminary 

Throughout this paper we denote by n„ the space of polynomials of degree at 
most n and by 11 the space of all polynomials. We will use constants c, ci,C2 . . . 
to denote generic constants that depend only on weight functions and other fixed 
parameters involved, their values may vary from line to line. The notation A ^ B 
means I^^^S] < c and < c. 

2.1. Weight function. First we define the weight functions that we shall deal 
with in this paper. 

Definition 2.1. A function w is called a generalized Jacobi weight function (w d 
GJ in short) if for t G (—1, 1), 

r+1 

(2.1) W{t) =h{t)Y[[T,{\t-t,\)f\ -l^to <ti < ... <tr <tr+l^l, 

4=0 

where G R and Ti are nondecreasing, continuous semi- additive functions, Ti{0) = 
0, h is a nonnegative function that satisfies h G 1,1] and 1/h G 1,1] 

(we do not assume that w G L^[—l, 1]). 

A measure da — a'dt is called a GJ measure if a' G GJ and a' G L^[— 1, 1]. 

Throughout the paper we often write w G GJ as 

r+1 

(2.2) w{t)^h{t)\lw,{\t-t,\), w,{t)^[n{t)]"\ 

1=0 

and impose conditions on Wi{t) instead on r^. 

Definition 2.2. Let w G GJ as in Deflnition \2.1\ For i = 0, 1, . . . , r + 1, consider 

(1) Ti{t) is concave; that is, Ti{t) + Ti{s) < 2ri((< + s)/2); 

(2) / w,{s)ds^O{5w,{5)), <5^+0; 
Jo 

(3) u;{h-,5)oo5-^ e L^[0,l] or uj{h,S)2 = 0{VS), 6 +0, where uj is a 
modulus of continuity. 

We say w G GJl if it satisfies (1), w G GJ2 if it satisfies (2), and w G GJ3 if 
it satisfies (3). We call w an admissible GJ weight function if it satisfies all three 
conditions. 

If all Ti{t) — t, then w G GJ is precisely the usual generalized Jacobi weight 
function in Hl.l|l , which is an admissible G J weight function. Another family of G J 
weight functions is given as follows. 

Definition 2.3. LetTi andji be real numbers. We denote by GJlog the collection 
of the GJ weight functions 

r+1 

(2.3) ^^t) = h{t)l[\t-t,f'\og'^'-^. 
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The weight function w G GJlog is in GJ2 if > -1, < i < r + 1 (0 p. 328]). 
Furthermore, ri>— l,0<i<r + lis necessary for w e GJ2 and w E L^. We 
note that this condition is shghtly stronger than w E L^. Also, w G GJlog is in 
GJl if, say, 'ji/Ti > 0. We often write ri{w) or Ti{da) in place of Ti to emphasis 
that they are parameters of w or da, respectively, of the above form. 

For some results we also need one more restriction on the weight functions. 

Definition 2.4. If w € GJ can he written as w = u/v such that both u and v are 
in the form of H2.1|l with positive exponents, and v satisfies 

/ = ' 0<z<r + l, v{t) = h{t)r\v,{\t-t,\), 

Jo Vi[S) \Vi(0)J .^^ 

then we say that w G GJ4. 

As an example, we point out that weight functions w in (|2.3|l are GJ4 weight 
functions if F.^ > —1. 

Throughout this paper, we reserve the notation cp for the functions 

ip{x) = \/\ — and x) ~ \l \ — x^ ^ , ^^l£x<l. 

Furthermore, for w G GJ as in (|2.2|l . we define 

(2.4) w;(n,i) = — ^ _^ _[ _[ rn^dt - + n ). 

^ z— 1 

2.2. Orthogonal polynomials. We consider orthonormal polynomials pn{da) G 
n„ with respect to da — a'dt and a' G GJ; that is, 

»i 

Pn{da;t)pm{da;t)da = 5„,m. 

'-1 

We assume that the zeros Xkn{da) oi pn{da) take the order 

-1 < a;„„(da) < Xn-i^n{da) < ... < Xi^n{da) < 1. 
The Christoeff function Xn{da) with respect to da is defined by 

1 



Xnida;t) ^min ^ |P7t)F J i l^^^)'^^'^^)'^^- 

The numbers Xkn{da) = Xn{da; Xkn) are called the Cotes numbers, which appear 
in the Gauss quadrature formula 

n „i 

'^P{xkn{da))Xkn{da) = P{t)da, peU2n-i- 

Further assumption on the weight function is needed to get bounds on these quan- 
tities. 

Lemma 2.5. Let da be an admissible GJ measure. Then 

\pn{da;x)\ < ca' {n,x)''^^^(p{n,x)~^^^ 
uniformly for — 1 < 2^ < 1 cind 

n 1 



\p'n{da;xkn)\ 
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uniformly for 1 < k < n, where Xkn — Xkn{da), and 

Xn(da;x) ^ —a'(n,x)(p(n,x) 
n 

uniformly for — 1 < a: < 1 . 

For the proof of these estimates, see . It should be pointed out that some 
of the estimates hold for more general weight functions, or hold under weaker 
conditions for the weight functions in Definition 12. 21 For example, for the estimate 
of An (da; x), only a' G GJ2 is needed. See the discussions in 0- 

Let w € GJ, for a fixed d > 0, we define A„(£) by 

r 

(2.5) A„(£) = [-l + £n"2,l-£7i-2]\|J[i, U+en'^ 

i=l 

We shall use xe to denote the characteristic function of a set E. The following 
lemma is a simplified version of Theorem 3.5 in 0. 

Lemma 2.6. Let d(3 be a GJ2 measure and u € GJ . Then for each < p < +oo 
there exists an £o > such that for every fixed £, < £ < £o, and for P e n„, 

\P{t)\Pu{n,t)dP <c [ \P{t)\Pu{n,t)df3, n>no. 

The next lemma gives an inequality for the quadrature sum of polynomials: 

Lemma 2.7. Let a' be an admissible GJ measure and v G GJ2 D GJA. Then for 
1 < p < oo, 

n „1 

^ Xkn {v, Xknida)) \P{xk,n{da))f < c / \P{x)\Pv{x)dx 

k=l -^-1 
for every P e where m is a fixed positive integer and c is independent of P 

and n. 

Finally, there is the inequality of Bernstein-Markov type for general weight func- 
tions. 

Lemma 2.8. Let da be a GJ4 measure and w G GJ. Let < p < oo. Then for 
arbitrary P G n„ and integer j > 1, 

P~''{x)(p^{n,x) w{n,x)Lp{n,x)da < cn-'P / \P{x)Y'w{n,x)Lp{n,x)da. 

The last two results have been studied by several authors for various weight 
functions. In its present generality, it appears as |S1 Theorem 3.6] and ,5:, Theorem 
2.D]. See also @] for some of the above inequalities with doubling weight. 

3. Weighted inequalities for the Hilbert transform 

We start with a result on the Hilbert transform proved in i3j for general weight 
functions defined on [0, cxd). 

Lemma 3.1. Let U and V be nonnegative weight functions defined on [0,cx)), and 
there exists a constant A such that either 

(3.1) U{x) < AU{y) and V{x) < AV{y), x<y<2x, x > 0, 
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or the similar inequalities with > in place of < hold. Let 1 < p < oo and fV € . 
Then there is a constant c independent of f such that 



(3.2) 



fiy) 



dy 



x-y 

if for every interval I C [0, oo), 

°° \I\P-^[U{x)]Pdx 



UP{x)dx < c / \f{x)\PVP{x)dx, 



(3.3) 
and 
(3.4) 



(\I\ + \x-xj\)P 



^ j[V{x)]-Ux 



1 



^ j[U{xWdx 



dx 



p-i 



{\I\ + \x-xi\Y- 

where q — p/ijp — 1), |/| denotes the length of I, xi is the center of I and B is 
independent of I. 

The lemma is stated in 3, Theorem 8] with the integral of the Hilbert transform 
in the left hand side. The proof there shows that the above version holds. By 
translation and truncation, it is possible to state a version of this theorem for the 
interval [—1, 1]. However, the condition (|3.1I) does not hold for GJ weight function. 
Our main result in this section is a double weight inequality for the GJ weight 
functions. The following two lemmas will be useful (0 p. 281 and 282]). 

Lemma 3.2. Let 1 < p < oo and fV G L^ . There is a finite c, independent of f , 
such that 

/•oo /"X P poo 

UP{x)dx <c \f{x)\PVP{x)dx 



f{t)dt 

if and only if there is a finite B , independent of 5, such that for 5 > Q, 



(3.5) 



[U{x)]Pdx 



[V{x)Y''dx 



< B. 



Lemma 3.3. Let 1 < p < oo and fV G LP . There is a finite c, independent of f , 
such that 

/•CXj /"OO P POO 

UP{x)dx<c \f{x)\PVP{x)dx 



f{t)dt 

if and only if there is a finite B , independent of 6, such that for S > 0, 



(3.6) 



Our main result in this section is the following theorem, in which Ui are parts 
of U as in the notation H2.2|l . 

Theorem 3.4. Let U and V be GJ weight functions. Let 1 < p < oo and gV E LP. 
Then there is a constant c independent of f such that 







'poo 


p-i 


[ [Uix)]Pdx 




J [V{x)]-''dx 


< B 


'o 









(3.7) 



' aiv) 

-ix-y 



dy 



if there is a B, independent of 6, such that for S > 0, 



(3.8) 



' u!{t)dt 



UP{x)dx<cl \g{x)\PVP{x)dx, 



< i < r + 1, 



p-i 



< B, 
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and 
(3.9) 



ufm 



{t + 5)1 



dt 



p-i 



<B, 



0<i<r + l. 



Proof. Recall that ti are fixed numbers, — 1 = <o < < • ■ • < < ^r+i = 1- We 
write 



' gjy) 



dy 



U+i 



i=0 

' 9iy) 



' gjy) 

-ix-y 



dy 



UP{x)dx 



ix-y 



dy\ Uf{\x-t,\)Uf^^{\x-t,+^\)dx. 



For each i, we then break the inner integral of the last expression into three integrals 
over (— (t^jti+i) and respectively, and estimate the corresponding 

terms separately. 

We estimate the middle part first. Changing variables 



X ti 



^i+l — ti 
l+X 



y-ti 



ti+1 — ti 

l + Y 



in the integrals gives 



J,. := 



ti 

+ 00 



ti+1 



gjy) 

x-y 



dy 



Uf{\x-t,\)U[_,,{\x-t,+,\)dx 



+ OC 



gjy) x + i 

X -YY + 1 



dY 



Uf 



t. 



X + 1 



'^l+l 



x + 1 



-X 



dX. 



If we can apply Lemma IH. II with f{Y) = g{y)/{l + Y) and with u and v in place of 
U and V, where 



u^iX) Ul 



p I tj+i 



ti 



X + 1 
ti+1 — ti 
X + 1 



^i+1 

^i+i 



t+i 



t, 



x + 1 

ti+1 — u 
x + 1 



■Xj {X + 

x\ {x + if-^, 



then we will end up with the desired estimate 



Ji < c 



+ 00 



x + 1 



^i+i 



i+l 



t, 



X + 1 



-X 



{x + ir 



dX 



\9{y)nr{\y-t,\)Vl,,{\y-U+,\)dy<. 



\giy)nPiy)dy. 



The functions Ui and Vi satisfy automatically, since in the Definition 12. II is 
nondecreasing so that Ui and Vi are either nondecreasing or nonincreasing. Thus, 
we only need to verify that the conditions (|3.3|l and (|3.4|l of Lemma are satisfied 
with u and v in place of U and V. First we note that the change of variables leads 
to uP{x)/{l + X)P G Li[0,oo) andu-«(a;)/(l + X)« e 2.^0,00), since and (E3 
with a fixed S shows that E and V^i G L^. Hence, if |/| is fixed, then the 
inequality \I\ + \X - Xi\ > c(l + X) shows that the and holds trivially. 
Thus, we need to consider only the following two cases: 
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Case 1. I = (0, 2(5), 5 < 1/2. Using the fact that |/| + \X - Xi\ ^25 +\X - 5\> 
(1 + X)/2 if X > 1, the left hand side of is bounded by 



< c + c 



< c + c 




-dX 



{b + \x-i\Y 



(2^+|X-,5|)P 

+ 




v{X)Y'idX 



^+1 



l + X 



'-X 



p-1 



dX 



-dx 



25 

dx\ 



The last expression is bounded by H3.9|l . The inequality H3.4|) in the case of / C 
(0, 2(5) is established similarly. 

Case 2. I ^ {s, R), s < R, R can be arbitrarily large. If X < R/2, then |/| + \X - 
Xi\ = (R-s) + \X - (i? + s)/2| > i?- s/2 > X + 1; so that 



-dX < 



{l + X)P 



dX < c, 



is + \x-s\)p 

as uP/{l + X)P e L^[0,oo). The left had side of (|3.3|l is bounded since changing 
variables from X and Y back to x and y shows that 

B./2 {6+\X-5\)P^^ 
[Ui{\x-U)]P 



,{X)]P 



is+\x^s\)p 



dX < 



< cSP 



-{i + x)p-^dx 

{5+\x-U\)p'^''^''], 
where (5 = (ti+i — ti)/{l + R/2) and we have used the fact that 

{R-s) + \X-{R + s)/2\ >R/2 + X-s> {R + X + l)/A 
and since by —q{p — 2) /p = q — 2, 



[U^{t)Ydt, 



< C 



viX)]-'^dX < / V, 

J s 

''^\v.[\x-u\)r- — 

u+s \x~U\'i 



ti+l — ti 
l+X 

dx 



1 -g 



< c 



{1 + xy-^dx 

P dt 



' mt)]' 



(t + S)'^ 



■dt, 



where p = (i^+i — ti)/{l + R) and S is as above, so that the boundedness of the left 
hand side of (|3.3() follows from (|3.9I) . The inequality (|3.4I) is established similarly. 
Consequently, we have justified the use of Lemma [3. II and the bound of J^. 
Next, let ti = {ti +ii+i)/2. We split the first integral as follows, 



U,i\x ^ t,\)Uf_^,i\x - t,+i\)dx 









J-i x-y 



< c 



+ c 



\9{y)\dy 



1 



\9{y)\dy 



Uf{\x-t,\)dx + c 



giv) 



u-i x-y 



dy 



Uf{\x-t,\)dx. 
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The first two terms can be estimated by the Holder inequality. For example, the 
first term is bounded by 



c \9iy)nPiy)dy 



[Viy)]-" dy 



Ufj^i{\x - ti+i\)dx 



<c \g{y)nP{y)dy. 



The third term needs more work. Changing variables x — ti— X,y — ti = —Y, it 
becomes a constant multiple of 



L 



gjy) 

X + Y' 



dY 



Uf{X)dX, A = (t,+i - t,)/2, B^iU- t,„i)/2. 



To estimate this term we need to use Lemma \\\.2\ and Lemma 13.31 Changing vari- 
ables 

X = -^ and y=^, 
1+s 1+t 

and splitting the inner integral into two parts gives 



L = ABP 
+ A 



l + s 



As{l + t) + Bt{l + s) l + t 



dt 



As 



ds 



l.9(y)l i + s 



s{l + t)l + t 

\giy)\ i + s 



dt 



dt 



Uf 



Uf 



As 



l + s J (1 + S)2 



I + Sj (1 + S)2 

ds 



Ai 



ds 



l + s J (1 + S)2 



t(l + s) l + < 

To estimate the first integral in the right hand side, we use Lemma IX^ with f{t) 
g{y)/{l + 1)"^ and with u and v in place of U and V , where 

'1 + sY 1 



u^is) = Uf 



As 
l + s 



and 



-%s) = K:^(^) il + tfiP-^l 



(1 + S)2 

so that the term is bounded by, after changing the integral back to y, 

dt 



g{y) \p ( Bt 



1 + t 



{1+tr 

\giy)nriY)dY 



\9{y)nri\y-U\)dy. 



The condition of Lemma [3.21 is verified as follows: changing variables back to X 
and F, 



uP{s)ds I / v-''{t)dt 



A 



p-l pA jjp 



AS 



ujix) 

XP 



dX 



B5 



< c — 
B 



p-l pA jjp 



Ufix) 



dx 



i^+sr \Jo 



VriY)dYj 
Vr\y)dy 



which is bounded by a constant by (|3.8|l . The second term is estimated using 
Lemma lX^ with f{t) — g{y) / {t{l + t)) and with u and v in place of U and V , where 

«'(.)^ff(jf;)^ and „.,.) = ;..(-£L),.(l 
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SO that the term is bounded by, after changing the integral back to y, 







t{l + t) \l+tj '^'^ ' 

\giy)nr{Y)dY = c /*' \9{y)nr{\y - U\)dy. 
Ju-i 

The condition of Lemma [3. 31 is verified similarly; it reduces to the condition 1)3. 9|l . 
Putting these estimates together gives the stated inequality 13.7|l . □ 

For U and V being the classical GJ weight functions, the inequality H3.7|) was 
proved in |13| under the conditions 

UP e L\ e L\ U{x) < cV{x). 

A more general result along this line is the following: 

Proposition 3.5. Let 1 < p < oo. Let U and V be GJlog weight functions in 
Definition \2.Sl Then the inequality ()3.7|l holds if pTi{U) > —1 or —qTi(V) > — 1 
and U{t) < cV{t). 

Proof The condition U{x) < cV{x) is equivalent to Ti{U) > T^(V), and -f^{U) < 
7,;(F) when r,(C/) = T,{V). That UP € L^ implies either pr,(J7) > -1 orpr,(;7) = 
-1 andp7j(f/) > -1. Hence, pT,{U) > -1 or -qr,(y) > -1 implies that UP € L^ 
or V"'^ e L^, respectively. We show that the U and V satisfy (13. 8|) and H3.9|) under 
the given conditions. 

As it is shown in p. 328], that pri{U) > -1 and -q'ri{V) > -1 shows Ui 
and Vi satisfy 

(3.10) f UP{t)dt = 0{5UP{5)) and f {t)dt = O {5Vr {S)) . 



Hence, Ui{x) < cVi{x) shows that 

^0l^d^(j^yrmj '<^-^l w^dt isvris)r' 

<cUP{5)V-P{5)<c. 

Note that the part of {^^V~''{t)dt)P-^ in is finite since V''^ € L\ and it is 
always bounded by V^p {6)6p^^ — 0{S'^) for some e > 0. We estimate the integral 
of t/f on {6,1), 



/, iS + t)p - Js tP 
If {T,{U)-l)p > -1, then UP/tP e L^ so that (E3J) holds trivially If {T,{U)~l)p = 



— 1, then 



' ^^^^^dt = C flog-^'"^''^'' - (log(e/'5))^'^''^'+' - 1 



tP Js ^ tJ t -i,{U)p+l 

In this case the fact that Vi^P{5)5P-^ = 0{5'') shows that (|iTl^ holds. Finally, 
if (r,(C/) - l)p < -1, we show that {U!{t)/tP)dt = O {6-p+^UP{6)) to finish 
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the proof (see also p. 328]). In this case, if ^i{U)p > 0, then since log(e/i) is 
decreasing, 



since pTi{U) - p + 1 < 0. If ji{U)p < 0, we choose e > such that {Ti{U) - l)p 
£li{U)p < —1. Then since i'^log(e/t) is increasing for t close to zero, we have 



tP 

< c 

Putting these estimates together, we have verified (|3.8|l . The inequality H3.9|l can 
be verified similarly. □ 

Remark 3.1. It should be pointed out that the condition pTi{U) > —1 and 
—qTiiy) > — 1 cannot be replaced by U'p £ and V~'^ £ without further 
restriction on ^i{U) and ^i{V). Assume, for example, that —qViiV) = — 1. Then 
Y~q £ holds if ~qji{V) < — 1, and we have 

'•^ ' e\-97>(v)dt (log(e/,5))"''^'^^)+' 



vrm^l (iog£) 



t ql^iV)-^ 

Here r,{U) > r^{V) = 1/q. If TiiU) = 1/q then {T,{U) - l)p = -1 and the left 
hand side of H3.8|l is bounded by 

(log(e/<5))'^'^^^^+^ - 1 [ (log(e/(5))"''''''^'+^y"^ _ / e\ p(7.(c/)-7.(V)+i) 

c I log — I , 



J^iU)p+^ \ qir{V)-l J \ 

which is bounded only if ji{U) — ji{V) + 1 < 0. □ 

Using the same argument, by induction if necessary, one can establish the similar 
result for weight functions of the type i^' (logj,(e/i))'''* , where logj, t = log log . . . logi 
{k fold of log). To state a more general result, we need the following definition: 

Definition 3.6. A function S is called slowly varying if for any e > 0, S(t) oo 
and t^'^Sit) — > as t ^ oo. 

For example, S{t) = log(e/t) is a slowly varying function and so is a power of 
S{t). Also, (logloge/i)''', and more generally, the powers of log;, e/t are all slowly 
varying functions. A slightmodification of the proof of Proposition 13.51 gives the 
following result: 

Proposition 3.7. Let Su- and Svi be .slowly varying functions such that either 
they are increasing functions or, for any e > 0, t~^ Su-{l/t) and t^^ Svii^/t) are 
increasing for small t > 0. Then the inequality (|3.7|l holds if U and V are GJ2 
weight with 

Ui{t)^t^^^^^SuA^lt) and 14(i) ==t^'(^)5y,(l/i), 0<i<r + l, 
.such thatpT,{U) > -I, -qT^(V) > -I, and U{x) < cV{x). 
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The assumption that U and V are in GJ2 replaces the condition H3.10|l . The 
Proposition 13.51 corresponds to the case that both Sjji and S'y. are of the form 
(log(et))^''''' . If ji < 0, this function is increasing; if 7^ > 0, then e'^^{log{e/t))P~'' is 
increasing. 

Let us mention that the definition of the slowly varying functions may be different 
in the literature. For example, in IP, it is defined as the functions that satisfy the 
relation 

lim ^j;^^} =1, for each A > 0. 

Clearly, our condition is more relaxed. A slowly varying function S that satisfy the 
above limiting condition also satisfies the following property ([H]): If S* is defined 
on [a, cx)), a > 0, then there exists a, b > a such that for all t > b 



S{t) = exp 



V{t) + I ' —dx 



X 



where 77 is a bounded measurable function on [5, 00) such that rj{t) —>■ c (|c| — > 00), 
and e is a continuous function on [6, 00) such that e(i) — s- as i — > 00. 

4. CONVERGENCE OF ORTHOGONAL SERIES 

Let da be a GJ measure and we assume that a' is in the form of H2.2|l 

r+l 

a'{x) = h{t) W a,{\t - U\), a,{t) = [n{t)f\ 

i=Q 

Let Sn{da; /) be the partial sum of the Fourier orthogonal series. By (|1.3|l . 

n-1 „i 

Snida; f,x) ^^Ckif )pk{da) = / f{y)Kn{da;x,y)da{y). 
k=o "^^1 
The kernel Kn{da;x,t), by the Christoffel-Darboux formula, satisfies the formula 

Pnida;x)p„-i{da;y) - pnida;y)pn-iida;x) 

Kn{da;x,y) = a„_i , 

x-y 

where a„_i is a proper constant. Our main results on the mean convergence of the 
generalized Jacobi series are the following (cf. 13, I, p. 246]). 

Theorem 4.1. Let da be an admissible GJ measure and assume that ai are non- 
decreasing for 1 < i < r and that a^ip'^ are nondecreasing for i — and r + l. Let 
u,w € GJ. Define U and V by 

UP := wP{a'ifyP/^a' and := ip''u-''{a'ip)-''^^a' . 

Assume that UP and satisfy (ESJ and ((23 . Let 1 < p < +00. Then 

(4.1) \\Sn{da,f)w\\da,p < c\\fu\\da,p 

for every f such that \\fu\\da.p < +00 and only if 

wPa' g , u-'^a' g L^ , 
^^■^^ wPia'^y'^^a' eL^ , u-^{a'^y'^\' eL^ 

and 

(4.3) w{x) < cu{x). 
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Proof. Let qn{x) denote the orthonormal polynomials associated with the measure 

{1 — x^) da{x)] that is, qn{x) — pniLp^) da^x). Let 

hi{x,y) ^ pn{da,x)pn{da,y), 
Fn{x,y) 



Fn{x,y)^{l-y )pn{da,x)qn-i{y) 



x-y 
h3ix,y) = h2{y,x). 
Following Pollard [7], the kernel Kn{da; x,t) can be written as 

Kn{da;x,y) = a„/ii(x,y) + /3„/i2(a;, ?/) + Pnhz{x,y), 

where the numbers a„ and /3„ depend on da and n. Since a' > 0, a.e., it follows 
that |q;„| and |/3„| are bounded by constant independent of n (cf. 7, p. 
). Thus, it is sufhcient to prove that 



from 8 
358-360 



(4.4) 



hk{x,y)f{y)da{y) wP{x)da{x) < c||/-u||^^ , 



for k — 1,2 and 3 under the conditions H4.2|l and 1)4. 3|l . 

The bound oi pn{da) in Lemma |2 . 51 shows, in particular, that 

\Pnida; x)| < c [l + {a' ix)ip{x))~^^^ 

A similar estimate also applies to qn{y). Applying the Holder inequality to the inner 
integral and then using the bounds of orthogonal polynomials, it follows readily that 
the inequality 14.4|l holds for fc = 1 under the condition (|4.2I) . 

To prove 1)4.4(1 for fc = 2, we use Theorem 13.41 First, by Lemma 12.61 (recall 
a' € GJ2) and the fact that Sn{da] /, x) is a polynomial of degree n, it is sufficient 
to prove that 

(4.5) f(^y)E^l^da{y) V(:r)xA„(s) (x) da(^) < c\\fu\Z^^ 
J -I J -I x — y 

under the conditions H4.2|l and 1(4.3)1 . Lemma [2.51 shows that 

\pn{x)\ < c(a' {x)ip{x)) X e A„(e). 

Furthermore, the assumption that ai is nondecreasing for < i < r and atip^ is 
nondecreasing for i — and i = r + 1 shows that g„ is bounded by 

(4.6) \q^{y)\<c{a'{n,y)^'{n,y))-'/^ <c{a'{y)^^y))-'^\ y E (-1,1). 
Hence, by the definition of Fn{x,y), the left hand side of 14.5)1 is bounded by 



-(fi iy)da{y) 



{a\x)ip{x)yP^'^wP{x)da{x), 



-1 x-y 

where </>«(?/) is a function bounded by a constant independent of n, which is bounded 
by c||/u||2_^ p upon using Theorem 13.41 with /(aV'^)~^^^'/'n in place of g. 

For fc = 3, we use a dual argument and derive the desired bound from the case 
fc = 2. This argument does not depend on the fact that our weight functions are 
the generalized Jacobi ones. We refer to ^1 p. 889] for the details. Thus, the 
proof for the sufficient part is completed. 

The conditions ()4.2I) are proved to be necessary for general weight functions in 
P]. The condition 1)4.3)) is necessary also for general weight functions as the proof 
in [ISl p. 250] shows. □ 



14 



PETER VERTESI AND YUAN XU 



Since Sn{da, f) is a projection operator, Theorem l4.1l and Weierstrauss theorem 
give the following corollary: 



for every f such that \\fu\\da,p < oo if and only if (|4.2|) and ()4.3|) hold. 

Remark 4-1- The assumption that I/p and F""^ satisfy (|3.8|l and H3.9|l already 
implies that IfP € and V^"^ £ L^. Hence, the condition w'P{a'ip)^P/^a' £ 
in 14.2|l is redundant for the sufficient part. We include it since it is also a 
necessary condition. Note also that uP{a'tp)^''^^^a' = ip~'^V~'^ so that the condition 
uP{a'(p)-P/'^a' £ in g^l is still needed. 

Remark 4. 2. Since aiix) = [ri(a;)]'^' and are nondecreasing by definition, the 
assumption on the nondecreasing of ai holds if Oi are nonnegative. This assumption 
is not needed for the ordinary G J weight functions in . See the discussion after 
the proof of Corollary 14. 31 

Corollary 4.3. Let da be an admissible GJ measure. Assume that a', u and v 
are in GJ log such that, for 1 < i < r, Ti{a') > or Ti{a') — and "fi{a) < 0. 
Let U and V be defined as in Theorem \4-l\ and assume that pTi(U) > —1 and 
—qViiV) > —1 for < i < r + I. Then the inequality ()4.1|l holds if and only if 
(HIS) and hold. 

Proof. The assumption on a' means that a^{t) — t'"'^" ' {log{e/t)y'^" \ It is easy to 
see that this function is nondecreasing if ri{a') > or if ri(a') = and 7i(a') < 0. 
Since a' G L^ implies that Ti{a') > —1, this shows that a'^^ip^ is increasing for 
i = and r + 1 without further conditions. The assumption that pTi(U) > — 1 
and —qri{V) > —1 implies, by Proposition 13. 51 that and V^"^ satisfy H3.8|l and 



Again, we note that the pri{U) > — 1 implies that E L^ so that part of 
the (|4.2|) is redundant. If all 7^ = in the above corollary, then it deals with the 
ordinary GJ weight function in In that case, the assumption pTi{U) > — 1 

and —qri{V) > — 1 are not needed, and the result was proved in ^ for the case of 
w = u and in |13j for the case of w 7^ w. However, the results there were proved 
without the assumption that > for 1 < i < r (recall that a' € L^ implies 
Ti > —1). The additional assumption is used to ensure that H4.6|) holds for all 
y E (—1, 1). For weight functions in the CoroUarv 14.31 it is possible to follow the 
proof in |13| to remove the additional assumption. This amounts to apply the 
current proof to f{y)xT„{e)i where T„(e) is the set 



in which a = {i : Ti{a') < or Fj(a') — Q,ji{a') > 0} (since the inequality 
(|4.6I) holds for y E r„(£)), and show that 



Corollary 4.2. Under the assumptions of Theorem \4.1\ 

lim II {Sn{da, f) - f)w\\da,p = 



□ 



r„(£) := [-l,l]\|J[i, 



en ^,ti + en 




1 



h2{x,y)f{y){l~XT^(d){v))da{y) {x)xi^^{e){x) da{x) < c||/u| 



p 



p 

da^p 
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separately. The second part involves difficult estimates that have to be worked out. 
It is not clear how to extend this part to general GJ weight functions in Theorem 
Ol 

Remark 4-3. Under the additional assumption that fai is continuous locally at 
X = ti, 1 < i < r, we can remove the condition that ai are nondecreasing for 
1 < i < r from the assumption of the Theorem 4.1. We then have [[^^(da, f)w\\da,p 
is uniformly bounded for every / such that ||/M||da,p < +oo and / locally continuous 
at ti under the conditions (4.2) and (4.3). For the proof, we can assume that ai is 
decreasing, since the other case has been settled in the proof of Theorem 4.1. Then 
it follows from the estimate in Lemma 2.5 that |(1 — y^)(7„_i(y)| < c. Hence, we 
can use the fact that 

lim n / \fit)a'{t)\dt=\fiU)a'iU)\, 

which holds since fa' is locally continuous at ti to deal with the integral over 
[—1.1] \ Tn{e). We omit the details. 

Let us mention, however, the following result in which / is replaced by fxA„{s) 
with A„(e) is defined as in l|2.5|l . 

Theorem 4.4. Let da be an admissible GJ measure, u,w £ GJ. Assume U and V 
are defined as in Theorem \4.1\ and satisfy (|3.8|l and H3.9() . Let 1 < p < +oo. Then 

(4.7) \\Sn{da, fxA„(e))w\\da,p < c|j/u|i<iQ,p 

for every f such that \\fu\\da,p < +oo if (|4.2|) and (|4.3|) hold. 

This result will be used in the next section to prove Marcinkiewicz-Zygmund 
type inequality. Its proof follows from the remarks above since the additional XA„{e) 
allows us to use the fact that the inequality (|4.6|l holds for y E An{e), so that the 
proof of Theorem 14.11 can be followed through without the additional assumption 
on a' being nondecreasing. 



5. Marcinkiewicz-Zygmund inequality 

Recall the inequality for the quadrature sums in Lemma l2.7l The Marcinkiewicz- 
Zygmund inequality is the converse inequality (cf. 12, Theorem 2.1]. 

Theorem 5.1. Let da be an admissible GJ measure, P be a GJ measure such that 
f3' G GJ2, and u be a GJ weight function such that u^~'^a' £ GJ2r]GJA. Define U 
and V by ^ u^^''{a'ip)~'^/'^a' and V^'^ — ip'^ (a'ip)^^^^ f3' and assume that they 
satisfy H3.8|l and H3.9|l with p and q exchanged. Let P G n„_i and 1 < p < +oo. 
Then 

(5-1) \\P\\dt3,p<c{^^\P{xkn{da))Y' {da)) Xkn{da) 

\k=l 

provided 



(5.2) 



ua'>cP', (a'ip)'"' P' eL\ 
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Proof. We will write Xkn for Xkn{da) in the following. Applying Lemma |2.6I and 
the usual duality argument gives 

\\P\\df},p < c\\PXA„(e)\\df3,p ^ C sup / P{t)xA^(e){t)g{t)dl3. 

\\g\\di3,q=i J-i 

By the orthogonality, the Gauss-Jacobi quadrature and the Holder inequality, and 
Lemma l3. II we have 

r-l fl 

P{t)XA„ie)9{t) dp = / P{t)Sn{da- XAUe)9f3'a'-\t) da 

n 

= ^ P{xk„)Sn{da; XA^{E)9l3'a'~^ ,Xk„)Xkn{da) 
fe=i 

/ n \ 1/P 

< c ^ \P{xkn)\'' >^kn{da)u{n, Xkn) \\Sn{da;gxA„{e)P'ct'^^)u^^^P\\da,q, 

\k=n ) 

where in the last step Lemma |2.7I is used with q and u^~'?a' in place of p and v 
(recall that u^-Iq! e GJ2nG'J4). We now apply TheoremlOlwith gfi'a'-^, w-^/p, 
{i3'-'^a'fl^, and q in place of /, w, u and p, and conclude that 

||5„(dQ;5XA„(£)/3'a'"^)u"^^^||da,g < c\\g\\di3,q. 

The conditions (|4.2|1 and H4.3|l become conditions H5.2|l under this substitution. 
This completes the proof. □ 

Remark 6.1. The condition V G is not included in the condition (|5.2(l . since it 
is a consequence of and satisfying HH.Sfl and 1)3.9(1 with p and g exchanged. 
Also, u^~'^a' € is not included, since it is a consequence of u^~'a' S GJ2. 

To use this result it is necessary to choose a weight function u. We need to 
choose it so that u^-'^a' G (impHed by u^-'^a' G GJ2), V G and ua' > c/3'. 
One choice is as follows: For da, dj3 being GJ measure, define 

(5.3) cr' = min{a',/3',(/3-i} 

and choose u — a'a'^^. By the definition of GJ weight functions in 12. II it is easy 
to see that da is also a GJ measure. This substitution is made in the following 
corollary. 

Corollary 5.2. Let da he an admissible GJlog measure and /?' he a GJlog mea- 
sure. Let P G n„_i and \ < p < -\-oo. Then 

(5.4) \\P\W,p<c\Y,\P{xkMo^y)?Xkn{da)\ , 

i/r, ((aV)~P/^^') > -\ !or\<i<r and [a'tpy'^'^ f3' G L^ . 

Proof. By the definition of cr', it is evident that I3'a'~^ < c, a'a'~^ < c and 
(f^^a'^^ < c. Consequently, setting u — a'a~^, the condition ua' > c/3' holds 
trivially. Since a' G GJ2 implies that ri{a') > —1, the definition of a' shows that 
Ti{(7') > —1. Moreover, since v}~'^o! < ca', this shows that r{u^~'^a') > —1 so 
that u^^'a' G GJ2. Let U be defined as in the previous theorem. Then < ca' 
and it follows that ri([/') > —1. Furthermore, {a' (f)"^^"^ [3' G L^ means that 
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ip-PV~P e L\ so that -pTi{V) > -1 for i = and i = r + l. Together with the as- 
sumption this shows that —pTi{V) > —1 for aU i. Consequently, using Proposition 
13. 51 with p and q exchanged finishes the proof. □ 

Our next step is to extend the Marcinkiewicz-Zygmund type inequahty to include 
derivatives of P in the right hand side. For this we need the definition of the Hermite 
interpolation polynomials. 

For a m— 1 times differentiable function /, the Hermite interpolating polynomials 
corresponding to the distribution da, denoted by Hmn{da, /), are defined to be the 
unique polynomial of degree at most mn — 1 satisfying 

(5.5) H^Aida- f, Xkn) = f^'Hxkn), 0<j<m-l, 1 < k < n, 

where Xkn = Xkn{da) are zeros of Pn{da). When m ~ 1, Hmn{da; f) are the 
Lagrange interpolating polynomials, we write Ln{da; f) — _ffi^„(c?a; /). 

Let da be an admissible GJ measure. Associated with da, we let v a GJ weight 
function such that 

(5.6) v~^{x) < c and v*{x) := a' {x)(p{x)v^^ (x) < c. 
Following the proof in [131 Theorem 3.3] we prove: 

Theorem 5.3. Let m > 1, P € Hmn-i, o,nd 1 < p < +oo. Let da he an admissible 
GJ measure, df3 he a GJ measure such that (3' G GJ2. Let v be a GJ weight function 
satisfying Let u e GJ such that u^-iv^"'-^'>'i/'^a' € GJ2 n GJ4 and ua' e 

GJ2nGJA. For j = 1, 2, . . . , m, define U and V hyV ^ u^-<iv^3-^^i/'^{a' ip)-i''^a' 

and V~P = (pP (ckV) "'^^^ P' '^"■'^^ assume that they satisfy (I3.8|l and H3.9() with p 
and q exchanged. Then 

(5.7) \\P\\dp,p < C I ^ — Y,\{^{xkn)y P^'\xkn) \{xkn)Xknida) 

\j=0 ^ k=l 

where Xkn = Xknida), provided 

(5.8) ?/i-V"-i)'?/2(aV)"''^'«'Gi\ W > c/3'(i;*)-('"-i)f/2^ 
and 

(5.9) (aV)~'"''^'/3'eii. 

Proof. We use induction. The case m = 1 is precisely Theorem 15.11 Let us write 
(I5.8|) j._ and (|5.9|) j,,_ to denote the dependency of these conditions on m. We first 
show that (|5.8|l ,,, and (|5.9|l ,,_ imply (|5.8|) „, ^ and H5.9|l ,,_ ^. For H5.8|l . this follows 
as an immediate consequence of (15 .611 . For H5.9(l . we use the fact that, for 1 < i < 
r, if a'^ix) > c then {a' Lp) ^^p/'^ f3' < c(3' on [U-uU], and if a'{x) > c then 
{a'f)-''"'-^^P/'^P' < {a'ip)~"'P/'^l3' on [U-i,U], and similar inequalities for i = 
and r + 1. 

Suppose the theorem has been proved for polynomials in Il-(,n-i)n-i with m > 
2 and assume that P G Ilmn-i. By the interpolation property of the Hermite 
interpolation 

P{x) - Hn,ra-i{da;P,x) = p'^~^{da;x)Qn{x) 
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where Qn G n„_i. Using the bound oipn{da]x) on A„(e) and Lemma 12.61 



< 



k=l 



where the last inequahty foUows from Theorem 15 . II with {a'(p) (™ i)p/2^' jn place 
of P' and tcy^f™"^)^/^ in place of u. The definition of Q shows that 



(m - 1)! \p'^[da\Xkny\ 

Thus, using Lemma 12.51 we can estimate the sum in two terms. The first one is 
bounded by, upon using v* (x) < c, 

n 

)Xkn{da), 



^(m-l)p /l^ 
k=l 

which give the j = m — 1 term in the right hand side of 1)5. 7|l . The second one is 
bounded by, 

1 " 

I Mxkn)r-' H'^'-lida- P, Xkn^ 

X («*(n,a;fe„))("-i)f/2^(xfc„)Afc„(da), 

which, by the inequality in Lemma 12.71 with uip™-^^ {v*)^"^~^'>P^^a' in place of v, 
which is in GJA n GJ2 since ua' is, is bounded by 

where the second inequality follows from the Bernstein-Markov inequality in Lemma 
Ol Since iJ„,™_i(da; F) £ n(„,_i)„_i, by induction with (t;*)(™-i)p/2ua' in 
place of /?', this term is bounded by the right hand side of (|5.7|) with m — 1 
replaced by to — 2. The conditions (|5.8|l ,--^ ^ and (|5.9I) ,-- ^ under this substitu- 
tion are implied by ua' G L^, v*{x) < c and H5.8|l „- . Thus, we have proved that 
\\P — Hn,m-i{da; P)\\dp.p is bounded by the right hand side of (|5.7|l . Triangle 
inequality 

\\P\\dl3,p < \\P - Hn,m-l{da; P)\\df3,p + \\Hn^„i-l{da-,P)\\df3,p 

and induction completes the proof. □ 

The result in the theorem is given in its general form. We can choose v and u 
so that the conditions become easier to check. To start with, we choose v as 

v{x) = max{c, a' {x)(j){x)}, c is a constant 

(c = ll^lloo), which clearly satisfies (|5.6|l . If a' E GJ then v E GJ. Next we define 

a' = max{«'i;("-i)/2, (i;*)-("-i)/2/3'}. 

Then a' E GJ. We require that da is a GJ measure, that is, a' E L^. Since 
v*{x) < c, (3' E shows that this requirement put restriction on a'. For example. 
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if a' e GJ log, then a' e if 

—2 11 

(5.10) r(a') > , l<i<r-, and r(a') > -, i = 0,r+l. 

m + 1 2 m + 1 

Note that the above restriction become r(a') > — 1 if m = 1. Furthermore, under 
the substitution u = a'~^a' , the conditions l|5.8|l hold trivially. Indeed, the defini- 
tion shows that w(™-i)/2^-io-'-i < c, a'w^™-!)/^'-! < c and /3'(„*)-('"-i)p/2 < 
ccr'. The last one is precisely the second condition in H5.8|l with u = a'^^a' . More- 
over 

yi-«„(™-i)9/2 (aV)"'^/'a' 

= {a'v^^-'-^^/^a'~y'\v^-'--^y\-^a'-y'\' < ca' , 
which shows that the first condition of H5.8() holds. Furthermore, we also have 

l-n (rn-l)q/2 I ( I (m-l)/2 I ^ I 

u ^v^ a — [a "a ) cr < ca ^ 

which shows that u^"''y^™^^^^/^a' G L^. Finally, the substitution u = a'~ V leads 
to the inequality 

> i/p 

(5.11) \\P\\dp^p<cl J2 ^X^|(¥'(a;fc„))'>'-''^(xfe„)[Afc„(da) 

where Xkn = Xfe„(da). 

Hence, with these choices of u and v we can simplify the conditions in the 
previous theorem. This shows that (|5.11(l holds essentially under the condition 
or a slightly stronger one. To make the conditions precise will 
require stating assumptions on U and V precisely, which can be rather involved. 
Instead of trying to state a general result, we restrict again to the GJlog case. 

Theorem 5.4. Let m > 1, P d n„j„_i, and I < p < +oo. Let da be an admissible 
GJlog measure, dj3 be a GJlog measure such that Ti((3') >— 1, l<i<r. Let a' 
be defined as above and assume (|5.10(l so that a' £ L^ . Then the inequality (|5.11() 
holds provided T, (a'-^^/^/?') > -1 for 1 < i < r and {a' Lp)-"'P/^ (3' e LK 

Proof. We take u = a'~^a' in Theorem 15. 31 as indicated above. Then the condition 
(|5.8() is already satisfied. The assumption (|5.10(l and > —1 shows that T{a') > 

— Ifor0<i<r + 1. This implies, in particular, that ua' — a' E GJ2 n GJ4 
and Mi"9i;(™"i)9/2a' € GJ2 n GJ4 since the latter is bounded by ca' . For j = 
l,2,...,m, let U and V be defined as in Theorem 15.31 with u — a'^^a'. Since 
Vi{x) = c on [ti-i,ti] if a'^ifi < c and v{x) — a'j^{x)(p{x) on otherwise, it 

follows that w(-''-i)'?/2(a;) < cv^'^-^'^'^/'^{x). Hence, it follows that 



ca 



as before, which shows that Ti{UP) > —1 since T{a') > —1. Furthermore, if 
a> > c on [U_i,ii] then V'P = ipP{a'ip)-^P/^(3' < c(pP[3' on [U-uU], which shows 
that Ti{V^P) > — 1 by the assumption on ri{/3'); if a'^^ip < c on fj] then V~p < 
LpP{a' ip)~'^P/'^ (3' on which shows that Ti{V^P) > —1 by the assumption on 

F, {{a'(p)-"'P/'^P') > -I. By Proposition this shows that W and V'P satisfy 
()3.8|1 and H3.9|l with p and q exchanged. □ 



20 



PETER VERTESI AND YUAN XU 



We note that the condition Tj (q'^^p/^/?') > -1 for 1 < i < r is just a 
slightly stronger than that of (a^) ^^^^/S' G inside (—1,1), which implies 
Ti (a'~™P/^/3') > —1. If 7i = 0, then the two conditions are equivalent, and the 
result was proved in (13) . 

6. Mean convergence of interpolating polynomials 

With the Marcinkiewicz type inequality established, the mean convergence of 
the corresponding interpolating polynomials follows right away. In the following 
we state the result for interpolating polynomials based on the zeros of orthogonal 
polynomials with respect to a GJlog weight function. Let s > 0, C"'[— 1, 1] = 
denote the space of s times continuously differentiable functions. We begin with 
the following fundamental result: 

Theorem 6.1. Let da be an admissible GJlog measure, dp be a GJlog measure 
such that Ti{(3') > —1, 1 < i < r and (|5.1()() holds. Assume for < £ < m that 

r, (a'-"f/2/3') > -1 forl<i<r and {a'ip)-"'P/^^'^Pf3' e L\ 

Then for f G G"-i 

m — 1 

\\Hnm(da; f)\\dp.p < cn^ max \f{xkny f^^'> {xkn)\/n\ 

^ — ' l<fc<n 

Proof. First let 1 < p < +oo. Since for every fixed d > 0, n^-^ < (p{x) on [—1 + 
dn~'^, 1 — dn~^], it follows from Lemma [2. 61 and Lemma [2. 81 that 

\\Hnm{da; f)\\dl3,p < c\\Hn,n{da; f)xA„{e)\\df3,p 

< cn'^WHnmida; f)(p^\di3,p. 

We then apply Theorem 15.41 with P — Hnm{da; f) and (p^P(3' in place of (3' . Since 
the assumption implies that a' E L^, it follows that 

^ A„(dcr;a;fe„) < c / rfcr < +oo. 

fc=i -^-1 
This establishes the stated inequality for 1 < p < +oo. The case for < p < 1 
follows from an argument in [TS! p. 88] which goes back to p. 886]. □ 

Evidently, one could state such a result based on Theorem 15 . II with u = cr'a'"^ 
for more general weight functions. The conditions on U and V make it less practical. 

In the case £ = 0, the above theorem shows the boundedness of the operator 
Hnm{da; f) from LP{d/3) to G™^^. Using the Bernstein-Markov inequality, one 
gets also the boundedness of \\Hnm{da; f)\\di3,p- For example, we have the following 
result. 

Theorem 6.2. Let da be an admissible GJlog measure, dj3 be a GJlog measure 
such that G , r,(/3') > -I, I <i <r and f5TT1|l holds. A ssume that 

r, > -1 forl<i<r and (aV)~"^^V^""''"^^^/3' e L\ 

where < /c < m — 1 . Then 

lim \\Hl^X{da-f) - f^'''%0.,p = 0, V/ S G""!. 
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Proof. Since Hmnida; f) is a projector from C™ ^ to Ilmri-i, we only need to 
estimate \\Hnm{da; f — Rn)\\u,pi where i?„ is a polynomial of degree n such that 
for < j < m — 1 , 

in which E^if) — infpgn„ ||/^^||oo- Using the Bernstein-Markov inequality shows 
that 

\\Hi^2ida; f - R.„)\\df},p < cn''\\Hnrn{da; f - Rn)ip'''\\df3,p, 

which is bounded by c£'„(/'™^^-') — s- upon applying the previous theorem with 
£ = m — 1 — /c and f3'(p^^P in place of /?'. □ 

In particular, for m = 1, this shows the convergence of Lagrange interpolation. 

Corollary 6.3. Let da be an admissible GJlog measure, dj3 be a GJ log measure 
such that Ti{fi') > —1, 1 < i < r. Assume that 

r, > -1 forl<i<r and {a'(p)~P/^/3' G L\ 

Then 

hm \\L^ida-J)- f\\dp,p^O, yfeC. 

n — ^oo 

The method also allows us to prove result concerning the best convergence order 
of the interpolating polynomial. 

Theorem 6.4. Let da be an admissible GJlog measure, dj3 he a GJlog measure 
such that (ji-^Pp' e L^, T^{(3') > -1, 1 <i <r and (fOUl holds. A ssume that 

r, > -1 forl<i<r and (aV)~™^^V"''^/3' e £\ 

where < k < m — 1. Then 

lim WH^'lida-J) - f'^'^Up,p < c£;„(/(™-i))/n™-'^-\ V/ G C"^-\ 

n — ^oo 

These results include many special cases considered by various authors. See, for 
example, discussions in [SJ El ^| • 

One can also apply the approach to other type of interpolation processes, for 
example, to Hermite-Feer interpolation polynomials and to truncated Hermite in- 
terpolation polynomials. See, for example, the discussion in \1'6\ Section 4]. 
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